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i> 1 Introduction 



In our previous paper |35] , we wrapped Brownian motion and heat kernels from a compact 
Lie algebra (viewed as a Euclidean vector space) to a compact Lie group using the 

O ' wrapping map, $, of Dooley and Wildberger p^. Recall that $ was defined for a 

'^ • suitable distribution, z/, by 

($(z/),/) = (z.,j7) (1.1) 

"k> \ where / G C°°{G), f = f o exp and j the analytic square root of the determinant of the 

^ ■ exponential map. The principal result is the wrapping formula, given by 

c^ ! 

Theorem 1. (ITS^ . Thm. 2) Let ^, v he G -invariant distributions of compact support on 

Q or two G-invariant integrable functions, then 

$(/i*z/) = $(/i) *$(zy) (1.2) 

where the convolutions are in q and G, respectively. 

In this paper we consider wrapping Brownian motion in the context of various 
symmetric spaces, where a global generalisation of the wrapping formula 11.21 utilising 
Rouviere's e-function is considered. 

We will firstly recall the theory of e-functions in section 5, then combine this with the 
theory of wrapping in section 6 where global properties of the e-function are considered. 



We then show how to wrap heat kernels onto compact symmetric spaces from their (Eu- 
chdean) tangent space, but due to the appearance of the e-function, this requires some 
different ideas to those in our previous work. Although the complicated nature of the 
e-function makes explicit calculations difficult, our analysis provides several insights into 
both compact and non-compact symmetric spaces. 

Results concerning Brownian motion and heat kernels on symmetric spaces have been 
previously given by many authors. Our method differs by using the wrapping map, which 
can be viewed as a global version of the exponential map. Thus, our results presented 
in sections 7 and 8 are obtained are in the spirit of the tangent space analysis advocated 
by Helgason ([25], [26]). 

In section 7 we consider the case of compact symmetric spaces, where our work ex- 
plains why the well-known Gaussian approximation - also known as the "sum over clas- 
sical paths" (see [10], [T7]) - does not give exact results for compact symmetric spaces 
that are not Lie groups. 

In section 8 we consider the case of non-compact symmetric spaces, we are able to 
quickly obtain the heat kernels for complex Lie groups by wrapping. We then discuss 
extensions of these results to the non-compact symmetric spaces of "split rank" type, in 
particular the spaces G/ K, G complex, where our work implies that the local convolution 
formula obtained by Torossian ([42]) hold globally. 
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3 Notation and Formulae for Riemanniam Symmet- 
ric Spaces 

Let G be a connected, semisimple Lie group, and g its Lie algebra, with exponential map 
exp : g — )■ G. Let a denote an involutive automorphism of G with respect to a fixed com- 
pact subgroup K, such that we can write q = tQ)p where t and p are the eigenspaces of a. 

We identify p as the tangent space of the Riemannian symmetric space G/K. This 
is, furthermore, and exponential map Exp : p — > G/K. If tt is the canonical mapping 
TT : G — 7- G/K, then Exp = vr o exp . Let a denote a maximal abelian subalgebra of p, 
and call the dimension of o the rank of G/K. 

Let S = S(0, o) be the set of roots on q with respect to a, and W{Q,a) the cor- 
responding Weyl group. The restricted roots of p, denoted by Sj. are the roots of g 



restricted to a, and the restricted Weyl group is the group generated by the reflections 
of the restricted roots. 

Further details of restricted roots may be found in [29] Ch. VI. We will use Knapp's 
definitions and notations for roots, weights, etc. We denote by a+ the positive Weyl 
chamber with respect to the set of positive restricted roots, and a+ its closure. We also 
denote by rra^ the multiplicity of the root a. A restricted root /3 is said to be multipliable 
if there exists another restricted root a such that P = ka for some integer k > 2. We 
denote the set of multipliable roots by S^. 

The classification of Riemannian symmetric spaces can be found in [23] , Ch. V. We 
will not give details here, but will briefly outline the structure and relationship of the 
compact type, and the non-compact type: Let g^ be a complex Lie algebra and u a com- 
pact real form, gc may be regarded as a real Lie algebra g^ = u Q) iu with twice the 
(real) dimension of u. We write G for the Lie group corresponding gc, and U for the Lie 
group corresponding to u. Thus, if {G, K) is a Riemannian symmetric pair, then [U, K) 
is called its compact dual pair, and U/K is a compact Riemannian symmetric space. For 
example, let U = SU{2) with u = su(2). Then gc = sl{2, C) and G = SL{2, C). 

Let A = exp(a), and A'^ = exp(a^), and Let M denote the centraliser of A in K. 
Every element in G has a decomposition as kiak2, with ki, k2 & K and a & A. In this 
decomposition, a is uniquely determined up to conjugation by a member of the Weyl 
group (see [29] Thm. 7.39). Additionally, G has a Cartan decomposition KA'^K. We 
have the following integral formula for symmetric spaces (see p5j Ch. I, Thm. 5.8): 



/ f{x)dx = c / f{ka-o)6{a)da]dkM, feCc{G/K), (3.1) 

Jg/k Jk/m \Ja+ J 

where c is a suitable constant, dx is the G- invariant measure on G/K, dkM is the K- 
invariant measure on K/M, normalised with mass 1, and 

6{expH) = Yl (sinhaiH))"'-, H G a+. 

We note that Ad{k)p C p, and that Ad — /^-invariant functions are determined by 
their values on a"*" (see [22] Ch. I, Thm. 5.17): 

ff{X)dX = c f ( f f{M{k)H)5,{H)dH]dkM, f e C,(p), 

Jp Jk/m \Ja+ J 

where c is a suitable constant, dku is the fC-invariant measure on K/M, normalised with 
measure 1, and 

5,{H)= J] a{Hr-, He a. 

aGS+ 

We denote by J the Jacobian of Exp, 

f f{x)dx= [fiExpX)J{X)dX, feC,{G/K) 

Jg/k Jp 



with J given by J = 5 /5q. We also write J{X) = j^(X), where j is calculated as: 

However, we will require that j be smooth and real valued, which is clearly not the 
case globally for every Riemannian symmetric space, j is smooth and real valued for 
compact Lie groups and complex Lie groups (since their roots have even multiplicities), 
but this is not so in general, and some of our results will only be valid within a funda- 
mental domain of the exponential map. 

Let {^i}"=i be an orthonormal basis of q. We recall from the (left) action of an 
element of the Universal enveloping algebra, il(0), on C°°{G): 

{fX){g) = f{X;g) = (^^"j /(^^exp*^), X e g, g e G. (3.2) 

We write D(p) and D{G/K) for the set of left ii'- invariant differential operators on 
p and G/K, respectively. We also write Lp and Lq/j^ for the Laplacians on p and G/K, 
respectively. Let il(g)* be the centraliser of t in 1X{q). The following results can be found 
in ^25j, Ch II. D{G/K) can be described in terms of il(g) by 

D(G/ir)=il(g)V(il(0)*nil(0)!) 

and D(p) is isomorphic to D(]R"). We let S'(p) denote the symmetric algebra of p. 
For T){G/K) we have that D{G/K) is a polynomial algebra, generated by algebraically 
independent generators Di, . . . , Di, whose degrees di, . . . , di, where / = rank{X), and 
are canonically determined by G. 

When X is of rank 1 we have that JD{G/K) consists of polynomials on Lq/k- We 
recall the Casimir element of G, fi, is defined hy Vt = ^11=1 -^f- ^^ particular, consider 
the orthonormal bases {Yj) and (Z^) (with respect to B) of p and fi, respectively. Then 
we have 

\l ^ i Zp — \l^ 

where Vtp = ^ . Y^ and Q( = 'Ylik^li ^^*^ moreover: 

Lg/kHxK) = fiQ; x) = fiQp- x) (3.3) 

We will also denote the transpose of a differential operator, D, on G/K by D^. We 
say that a differential operator D is symmetric if it satisfies D^ = D, and note that Lq/k 
is a symmetric operator. The Laplacians Lq/k and Lp are related as follows ([25] Ch. 
II, Prop. 3.15): the image Lj^Fj^ of Ls under Exp~^ is given by: 



47// = (r%oj)/-r^(Lpj)/ 



^G/K 

for each i^-invariant C°° function / on p. It is important to note as per our above 
remarks on the j function, this result holds in general only in a fundamental domain of 



Exp, but globally in the case of a compact or complex Lie group ([25] Ch. II, §3). 

We now recall from [20] some of the theory of spherical functions on Riemannian 
symmetric spaces. Let G be a locally compact group and K a compact subgroup. Let 
be a complex valued function on G/K with 0(o) = 1. is said to be a i^-spherical 
function on G/K if it satisfies: 

(i) <P{kgK) = 4>{gK) Wk e K, g e G, 

(ii) D(f) = Ad0 for each D e D(G/ir), where Ad G C. 

Property (i) ensures that a spherical function is determined by its values on A'^. We 
will also refer to these functions as bi-iC-invariant functions. Since a symmetric pair 
{G, K) is always a Gelfand pair ([21j Ch. I, Cor. 1.5.6), we may construct the elementary 
spherical functions of GjK^ denoted by 07r, based on the representations of G by 

0^(x) := (7r(x)e^,e^) 

where vr is an irreducible unitary representation of G on a Hilbert space 7{, and e^^ ^H, 
is a i^-fixed unit vector. In the case where V jK is a Riemannian symmetric space of 
the compact type. The elementary spherical functions for V jK may also be calculated 
from the characters of f/ 

V{9) = [ x{9-'k)dk (3.4) 

Jk 

where x is the character of an irreducible spherical representation of U. 

We retain the usual notations of the function spaces. In particular, we will con- 
sider the case when these functions are also spherical functions - for example, we let 
L^{K\G/K) be the space of bi-iT-invariant spherical L^ functions on G/K, and S{K\G/ K\ 
be the set of bi-i^- invariant spherical Schwartz functions on G/K. For / G L^{K\G/K) 
we define the Fourier transform /(A) by 



/(A) = / fix)ip,ix-')dx, Xea* 
Jg 



where (px is an elementary spherical function corresponding to the weight A. Harish- 
Chandra described the following Fourier inversion formula (see [21], Thm. 6.4.2.) for 
bi-i^-invariant Schwartz functions: 



^(^) = m7i / fWM^MXT'dX, A G a*. 

The function c(A) on A is such that c(A)~^ is a tempered distribution, |c(wA)| = |c(A)| 
for w G W, and we note that \c{X)\~^dX is the Plancherel measure. We also recall that 
the convolution of two i^-invariant distributions, fi and z/, on G/K is defined by: 

(/i * z/, /) = {fi{xK) ® u{yK), fixyK)), x,yeG, (3.5) 

for any test function / on G/K. 



4 Heat kernels and Brownian motion 

Heat equations on Riemannian symmetric spaces have been studied by many authors in 
a variety of ways. We define the heat equation by: 

d 

— m(x, t) = Lg/ku{x, t) (4.1) 

with initial data u{x,0) = f{x). The solution on the Cauchy problem is given by 



u{x,t) = / ht{x,y)f{y)dy (4.2) 

Jg/k 

where ht is the heat kernel. We summarise some key properties of hf. 

Theorem 2. (c.f JE/, JM/) ht satisfies the following properties: for all x,y E G/K, 

(1) ht{x,y) = ht{y,x) > 0, 

(2) ht is the density of a probability measure, with \\mt^oht{x,y) = Sx{y), 

(3) (I - LG/K)ht = 0, 

(4) ht+six,y) = J^^j^ht{x,z)hs{z,y)dz. 

Moreover, if U/K is compact, then ht can be expressed in terms of the eigenvalues and 
eigenf unctions of the Laplacian as 

ht{x,y)= 5^e-(ll^+^ll'-ll^ll')VA(x)y.A(l/). 

AgA+ 

These properties of ht can be shown to hold on more general manifolds - the reader 
is referred to the listed sources. On G/K, the G-invariance implies that: 

Theorem 3. (c.f JB^, J^) ht also satisfies the following properties: for all x,y E G/K, 

(1) ht{xK,yK) = ht{y~^x) is a convolution kernel, 

(2) X I—)- ht{x) is K -invariant on G/K, and thus determined by its restriction to 
the positive Weyl chamber. 

Remark: These formulas can be used to derive the heat kernel on a compact Lie group: 



H{g, t)=J2 rfAe-(ll^+^"'-ll''ll')*XA(^), geG,te 



u,AO A.\\y), y ^ ^, ^ III , 

AeA+ 



which follows since the characters are the eigenfunctions of the Laplacian, with eigen- 
value ||A + pp — IIpIP, and Xx{^) = d\. 

We now define Brownian motion on Riemannian manifolds: Suppose M is an n- 
dimensional Riemannian manifold and Xi, . . . ,Xm are vector fields on M. If {Bt)t>o is 

6 



an m-dimensional Brownian motion on M" and p G M, then an M-valued stochastic 
process (^t)t>o is said to be a solution of 



d^t = J2M^t)odBP, ^o=P (4.3) 



if for each / G C°°{M) we have 

" pt 
fi^t) = f{p) + J2 iX^fms) o dBi^'> (4.4) 

The solution of (14.41) is a Brownian motion on M, starting at p G M. 

For further details of Brownian motion, Stratonovich and Ito integrals on Riemannian 
manifolds and Riemannian symmetric spaces, the reader is referred to [52], Ch. 2. 
Importantly, we note from this source that if {Bt)t>o is a Brownian motion on G/K, 
then Lg/k is the generator of {Bt)t>o, and {Bt)t>o satisfies 

E(/(S,))= / htix,y)fiy)dy (4.5) 

J G/K 

5 Rouviere's e-function 

We now define a version of the wrapping map for Riemannian symmetric spaces. Let 
G/K be a Riemannian symmetric space with tangent space p. Let z/ be a distribution of 
compact support on g, and / G C^{G). We define the wrapping map, $ on G/K by 

($(^),/)g/x = (^,J-/oExp)p (5.1) 

where j the analytic square root of the determinant of the exponential map. We call 
$(z/) the wrap of u. 

The case of a compact Lie group is particularly nice since the wrapping map is a 
homomorphism between the convolution algebras of Ad-invariant Schwartz functions or 
distributions of compact support on q, and central measures or distributions on G, ie, 

$(/i *g z/) = <l>(^) *G $(«^) (5.2) 

In the case of a compact symmetric space, the wrapping map is no longer a homomor- 
phism: the convolution on the tangent space becomes "twisted" by a function denoted 
by e: 

Theorem 4. (ITB^ ) Let U/K be a compact symmetric space with tangent space p, and fi 
and V K -invariant Schwartz functions or distributions of compact support on p. There 
is a function e : p x p — )• C such that 

$(/!) *C//;^ $(//) = $(/! *p,e z^) (5.3) 



where 

ifi *p,e u){X) = ffi{Y)u{X - Y)e{X, Y)dY (5.4) 

Jp 

We will call the expression ^ *p e v a twisted convolution. 



The e- function was introduced by Rouviere in [10], where a local version of Theorem 
(j3]) was proved for general symmetric spaces (see [10], Prop. 4.1). For the case of the 
2-sphere, the wrapping map and Rouviere's formula were studied in the thesis of Chung 
[11] . Efforts to prove a global version of Rouviere's formula for symmetric spaces have 
continued in 1 121 and [13]. 



as 



The e-function arises from the following: The left hand side of 05. 3p can be written 

($(/.) *t///<$(^^),/)= / f Hfi){xK)^u){yK)f{xyK)dxdy 

Jg Jg 

fi{X)iy{Y)j{X)j{Y)f{expXExpY)dXdY. 



p ^p 



It is possible to show using the Campbell-Baker-Hausdorff series for Exp (see [12] or 
0]), that there exists h,k E i) such that 

expXExpF = Exp(/i.X + k.Y). 

We thus make the change of variables {h.X, k.Y) i— t- {X, Y), and let the Jacobian of 
this transformation be ip{X, Y). Our expression then becomes 

f f fi{h-^X)u{k-^Y)j{h-^X)j{k-^Y)f{Exp{X + F))^(X, Y)dXdY. 

Since j, II and z/ are all H invariant, this becomes 

/ //.(X)Kn4v¥^^(^' ^)(^-/ ° Exp)(X + Y)dXdY 
JpJp 3{X + Y) 



Putting 



we have 



^(X,Y)-§^^i>iX,Y) 



fi{X)u(Y)e{X, Y){j.f o Exp)(X + Y)dXdY 



p >^p 



which is (!5l4|) . D 

We will now briefly show how a global e-function may be constructed for the case of 
the two-sphere. This construction, due to Rouviere, can be found in [H] and [12] (the 
latter eludicates as to how this may then be extended to all compact symmetric spaces 

8 



))• 

The global e-function is a ratio g/ f that compares the convolution structures of K- 
orbits of 5*^, to i^-orbits of p = R^ - the i^-orbits in this case being circles centred at the 
origin. To calculate /, consider two circles centred at the origin of radius ri and r2 on 
M^. For notational convenience, it is best to consider these circles on the complex plane. 
We will consider the point ri on the first circle (we could take any point, but we could 
obtain the same result by rotation), and centre the circle of radius r2 here. 

We pick a point on the repositioned circle of radius r2- This point can be represented 
from the above construction as ri + r2e*^, or as r*'^. Therefore, 

n + rae^^ = r^^ 

We now vary the point on the circle of radius r2 (by varying 9) , and calculate how r 
varies. It is not hard to show that 

2r dr d9 



2rir2 sin On vr 

The denominator on the left-hand side is the area of the triangle on the complex 
plane with vertices 0, ri and r2e*^. By Heron's formula, we have: 



2rir2 sin ^ = j 1 [ (r ± ri ± r2) ) 



1/2 



where the product is taken over all choices of + and — . Thus, the convolution of two 
circles of radius ri and r2 has density 

2r 
||_i_(r ±ri ± r2) ' 

A similar calculation can be done on the surface of the two-sphere, yielding: 

I I 2 sin |(r ± ri ± r2] 



smr T-r. . 1, . .1/2 



7rsmrismr2 
The e-function for the two-sphere is given by 

sinr -p-p 2sin|(r±ri±r2)^/^ 

[9 f){r) = — : : M ^— — yH^ X[|ri-r2|,n+r2] r 

vr sm ri sm r2 -"■ {r±ri±r2)' 

In [13], it will be shown that a global version of the e-function for all compact symmet- 
ric spaces exists. The proof consists of reducing the calculation to the two-dimensional 
case and using the above ideas. The e-function for the n-dimensional sphere is: 

f Y V^ «inr f^ 2sinl(r±ri±r2)V^ \ ("-^^^ 

^^^'^) = vrsinnsinr2 in (r±n±r2)V2 X[|n-..|,n^..](r)J (5.5) 

9 



where X G p is conjugate to riH in a, F G p is conjugate to r2-ff in a, and X + Y E p 
is conjugate to rH in a. 

Since the wrapping formula is now a "twisted" homomorphism, it is no longer clear 
that we may wrap Brownian motion and the heat kernel without some modification. In 
the next section, we will show how the Laplacian and e-function interact. 

6 Rouviere's formulae and the wrapping map 

We saw in [35] that the wrap of the Laplacian determines how Brownian motion wraps. 
However, for general symmetric spaces we do not have such a straightforward expression 
as we did in [55], due to the twisted convolution involving the e-function (15.31) . 

The relationship between the e-function and differential operators is given by Rouviere 
in [H] . Rouviere expresses the e-function as an infinite series and shows that it converges 
within a certain neighbourhood of G p. Therefore, the results in [41j concerning the 
relationship between the e-function and differential operators only hold within this neigh- 
bourhood. 



Equipped with the results from [12] and [13] presented in the previous section con- 
cerning the global existence of the e-function, we now show that Rouviere's formulae 
hold at least within a neighbourhood of G p where the j function is smooth and real 
valued. 

We will retain the notations and conventions given by Rouviere in [IQ] and [H]: let 
G/K be a symmetric space, with tangent space p and Exp : p — )• G/K the exponential 
map, and p' be an /^-invariant neighbourhood of G p such that Exp is a diffeomor- 
phism. Let Qq be an open neighbourhood of (0, 0) G p' x p' satisfying the condition that 
if (X, Y) G no, then (A; ■ X, A; ■ F) G fio for all keK, and (-X, -Y) G fio- Let p" denote 
the set of X G p' such that (X, 0) G Qq- 

Remark: The one exception to our notation is that Rouviere ([ID], [S]) uses the nota- 
tion S to denote a symmetric space and s instead of p as his formulae hold for symmetric 
spaces which need not be Riemannian. We will continue to use G/K and p as we will 
only be considering Riemannian symmetric spaces. 

Since the set of i^-invariant differential operators on p and G/K respectively, denoted 
by D(p) and D{G/K) resp., are polynomial algebras generated, respectively, by Lp and 
Lq/k, we follow Rouviere's notation, we write the elements of D(p) of polynomials on 
p* asp{dx), p, or p{^). 

We write 9^ for d/d^. Let ep(X) = (p(9y)e)(X, 0), and Aye(X) = Aye(X,0), where 
Ay is the Laplacian acting on the second variable, evaluated at 0. Let 6o and 6^ be the 
Dirac deltas on G/K and p, respectively. The map p ^ p from is a linear isomorphism 
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D(p) -^ D{G/K), according to 

{p%) = p% 

or, more generally, 

a * {p^6o) = p*a 

for any distribution a on G/K. 

Rouviere uses the notation / as the inverse of the map / ^-^ j{f o exp). For the 
wrapping map (restricted to the fundamental domain) this would read: 

($(/i),/) = (/.,/) 

Our main result provides an analogue of [51] Proposition 1 for symmetric spaces: 



Proposition 1. Suppose fi is a K-invariant Schwartz functions on p, then on a suitable 
neighbourhood o/O G p, 

$((Lp-fi,)/i)=LG/;,(<l'(^)) 

The quantity ^2* will be defined below, as well as what constitutes a "suitable neigh- 
bourhood" . We will prove Proposition [T] by restating a number of results concerning 
differential operators from [H] in the language of wrapping. 

Firstly, we recall Theorem H) If /i and v are i^-invariant Schwarz functions or distri- 
butions of compact support on p, then 

^{^l)*G/K^{,v) = ^{^l*^^eV) (6.1) 

where 

(/i *p,e y){X) = U{Y)u{X - r)e(X, Y)dY (6.2) 

(16. ip and (16. 2 p may be written as follows (see [H] Thm. 2.1, though note we have no 
restrictions on the supports of yU and v): 

($(/i) *G/K $(//), /) = {l^{Y)u{X), e(X, Y)j{X + r)/(Exp(X + Y)) (6.3) 

(16. 3 p may be applied to give a relationship between wrapping, differential operators, 
and the e-function. We recall the definition of the symbol of a differential operator on 
p = M", given by: 

p{X,dx)f{X)= [ ( [ p{X,OfXOe'^'^'''^^dY)d^ 

Rouviere calculates the symbol for general differential operators using the e-function: 

Theorem 5. (\^ Thm. 3.1) Let G/K be a symmetric space, and p G /(p), and let U 
be an K-invariant open subset of p" . 



11 



(i) For any K -invariant distribution u on U, one has 

p^u = {{p\X, dx))uy on ExpU 

where p{X, ^) is the differential operator with analytic coefficients on p" corresponding 
to the symbol 

p{x, dx) = e{x, dMO = E ^^?^^^' o)-^?>(0; 

here, X G p", ^ € p* and ^ is a (finite) summation over a; G N". 

(ii) If f is any H -invariant C°° function on U, one has 

pf = MX,dx))fr on ExpU 

We will be specifically considering the Laplacian, where Rouviere proves: 

Corollary 1. (^//^i/, Cor. 3.6) Suppose G/K is a Riemannian symmetric space with 
tangent space p, we have 

(i) Lp = Lc/K + Lpjif^), 

(ii) Lg/ru = {LpU — i^^Lpi .u)~ on ExpW. 

Here, W is an K -invariant subset of p", and u is any K -invariant function, or dis- 
tribution, on W . 

(ttt) j-'L,j{X) = Lpj(O) - Lye(X,0) on p" , 

(iv) If G is complex semisimple, then Lpj{0) = n/12, where n = dimG/K. 

We now state our version of Theorem [5] (with proof almost identical to Rouviere's) 
using the notation of wrapping: 

Theorem 6. For any K -invariant Schwartz functions or distributions of compact support 
/i on p, we have for a suitable neighbourhood of E p: 

^pMfx) = mpiX,dx)Yf^) (6.4) 

where p{X, dx) is the differential operator with analytic coefficients on p corresponding 
to the symbol 

pix, = e(x, dMO = E ^^?^(^' °) ■ ^MO 

a 

Moreover, if f e C^{G/K), then 

$(p)$(/) = $((p(X,0)V) 
The next result that we require is: 

12 



Proposition 2. (fj^ Prop. 3.5(i)) Suppose q is a second order homogeneous operator. 
Then, with the above notation, 

piX, dx) = p{dx) + e,{X) = (piX, dx)y (6.5) 

We now state our version of Corollary [H and define the "suitable neighbourhood" for 
which it holds: 

Corollary 2. Suppose S is a Riemannian symmetric space with tangent space p, and u 
is any K -invariant function, or distribution, on p . Then for a suitable neighbourhood of 
G p comprising of the domain where j is smooth and real valued, we have: 

LG/i,$H = $((Lp-j-iLpj)H) 

Moreover, 

r'L,j{X) = L,jiO)-LyeiX,0) 

Proof: Firstly, recall that the Laplacian is a symmetric operator. By Theorem and 
Proposition [2] we have 

$(Lp/i+ (Aye(X,0) - (Lpj)(0))/i) = Lg/x$(/u) 

where j is smooth and real valued. Taking fi = j, by [1_4J Prop. 2.4, we have $(j) = 1, 
and so 

$(Lpj + (Aye(X,0) - (Lpj)(0))j) = Lg/rI = 

and thus 

j-'L,j = {L,j){0)-Aye{X,0) 

which concludes the proof. D 

In the next section, we will compute the term j^^Lpj, which in turn will shed more 
light on the domain where our results hold. 

7 The Compact Case 

We now present our results for compact symmetric spaces , that is, we show how to 
wrap Brownian motion onto a compact symmetric space U/K from its tangent space 
p and thus compute the heat kernel. However, the situation is more complicated since 
the wrapping map is no longer a homomorphism. We shall analyze this situation using 
Rouviere's e-functions. 

We are able to make some general statements about wrapping heat kernels to U/K, 
but we are unable to explicitly compute the heat kernels due to complicated potential 
terms arising from the e-function. These complications enable us to show why the Gaus- 
sian approximation to the heat kernel does not give exact results for compact symmetric 
spaces that are not compact Lie groups. 
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7.1 The Gaussian approximation 

Analysis of the heat kernel Kt on a manifold M of dimension n by considering the heat 
kernel on its tangent space, combined with information about the exponential map, has 
been considered by many authors. For small time values, the Minakshisundaram-Pleijel 
(M-P) expansion provides an expansion for the heat kernel on a small neighbourhood of 
M: if X and y are close, then as t — )■ 0, 

K,{x,y) = {2nt)-^/'exp( ~'^^^^y^' ] x (co + tci + . . . tX + 0(r+i)) (7.1) 

where d{x, y) is the Riemannian distance, and where the c^'s are dependent on x and y. 
Further details of this expansion and related techniques can be found, for example, in [10]. 



These neighbourhoods are then patched together to approximate the heat kernel on 
M. This involves using the first order approximation M-P expansion - the term cq can 
be shown to be equal to j~^. The solution which this technique produces is sometimes 
referred to as the Gaussian approximation to the heat kernel on M. It appears to have 
been first written down in the thesis of Low [33] (see also Camporesi [IPJ, §5). 

Definition 1. The Gaussian approximation to the heat kernel on M is given by 

KGauss^an{ExpX, t) = ^ ^(X + 7), X G M. (7.2) 



7er ^ 



where pt is the heat kernel on 



In Dowker [TTj (see also Camporesi pi)]) the exactness of the Gaussian approximation 
(17. 2p (except for a so-called "phase factor" of e"''" *) is asserted to hold for compact Lie 
groups, but not for general compact symmetric spaces. 

In the case of compact Lie groups, we assert that the reason why the Gaussian approx- 
imation (17.21) gives an exact expression of the shifted heat kernel, but not in the case of 
general compact symmetric spaces, is explained by the wrapping map and the e-function. 

Firstly, we compute the wrap of a ii"-invariant Schwartz function as a sum over the 
integer lattice. The proof is almost identical to the proof of [TB], Thm. 1: 

Proposition 3. Suppose fi is a K-invariant Schwartz function on p, given on a. Then, 

$(j/i)(exp/7) = ^/i(^ + 7). He a. 

7er 

Proof: Let "^ be the i^-invariant C°° function on U/K given on A by \I^(Expif) = 
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E,erKH + l). For feC^{U/K), 

mjfx)J) = ijfx,jf) = ffiX)fxiX)f{X)dX 

Jp 

= [ Y\ a'^"{H)f{H)^i{H) I f{h-H)dhdH 

Ja+ f Jk 

Y[ \ sin a{expH)r'^fi{H){f)^{H)dH 
= nk / n |sina(Expif)r>(ff)(/^)~(iJ)rfi/. 

•-'0 r-,-1- 

If Or C a is a fundamental domain for F in a, then this becomes 

-^/" n |sina(Exp/7)r(/^r(if)5^/i(^ + 7M^ 

= JW\[ll Isin«(a)r'^(/^)(a)rfa 



^{h)f{h)dh 

U/K 



as required. D 



Wrapping the heat kernel p^ on p = M" yields the Gaussian approximation fl7.2p . 
From [35], in the case of a compact Lie group we have 



p 



In this case, the Gaussian approximation is the shifted heat kernel. Moreover, note that 
the wrapping formula gives: 

^{pt+s) = "^{Pt * Ps) = $(Pt) * $(Ps) = q? * gf = q?+s- 

However, for compact symmetric spaces that are not Lie groups, we have a non-trivial 
e-function that is "twisting" the convolution structure on p, which "twists" wrapping 
the heat convolution semigroup: 

q?+s = q? *u/K q^s = '^(Pt) *U/K $(Ps) = $(Pt *p,e Ps) (7.3) 

but $(pi *p,ePs) is not equal to $(pj+s) when e is not identically 1. Thus, the underlying 
reason that the Gaussian approximation is not exact in this case is that we have a twisted 
convolution on p. In summary we have: 



Theorem 7. The Gaussian approximation (7.2) is not equal to the heat kernel (mod- 
ulo the phase factor of e"'''! *) for compact symmetric spaces that have a non-trivial e- 
function. 
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Although we have a twisted convolution on the tangent space, Rouviere's results from 
section 7 show that the potential term and the e-function are closely related. That is, 

$((Lp - llpf + Lye(X, 0))/i) = Lu/K^fi)) 

and 

-\\pf + Lye{X,0) = ir'L,j){X) 



We now extend the results from ^35] to wrapping Brownian motion and the heat 
kernel onto U/K from p. This involves a more complex potential term than the constant 
^ term we encountered in our previous results. 



We now wrap Brownian motion in the same way that we did in Section 3.3, by putting 
^ = j-f ° 6xp G C^(p) in the Ito equation. That is 

i=i Jo i=i ci^i Jo 

wraps to 

/(6) = /(e) + E / iX^mt)dBP + IJ2 iLu/Kmt)dt 

Therefore, in light of this and Corollary [T] we need to consider the heat equation with 
potential j~^Lpj given on p = M" by 



^ (Lp + (j-%j))P^ (7.4) 

and we shall refer to the fundamental solution of f l7.4p . pi, as the perturbed heat kernel. 
Wrapping the perturbed heat kernel from p will then yield the heat kernel on U/K since 
these correspond to Laplacians on p and U/K: 

Theorem 8. The wrap of the perturbed heat kernel pi on p, given by 

Pt. 



^pt)iExpH) = J2-iH + l) 



7Gr ^ 



is the the heat kernel on U/K. 



However, the potential term j~^Lpj is complex - even for the case of the two-sphere, 
and finding the perturbed heat kernel appears extremely difficult. As a first step, we 
now calculate these potentials. 

7.2 The quantity j^^Lpj for the compact case 

In this section we calculate j~^Lpj. In j26j this is referred to as the quantity f2* (but is 
not explicitly calculated). This calculation is similar in spirit to that of [22], section2. 
In this paper, the authors calculate (j o logjLc/KU ° log)~^ for the non-compact case. 
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However, this quantity in the compact case is not straightforward to handle, as the sin- 
gular values of j~^ would require careful treatment of (jolog)LG(jolog)~^, and certainly 
would not lend itself easily to global analysis. 

Firstly, note that we are simply taking the derivatives of a function that is invariant 
under the action of K. Thus, to compute Lpj, we firstly recall the following result from 
Helgason. Let {Hi : i = 1, . . . , /} denote an orthnormal basis of a, and Dui the 
first-order differential operator in the Hi direction, with La is the Laplacian on o. We 
have: 

Proposition 4. (W^ . Ch. 2, Prop 3.13) For the adjoint action of K onp with transver- 
sal manifold a^ , the radial part of the Laplacian L^ is given by 

A(Lp) = J2(^H. + E m^^aiH,)DH}j 
= Lo + y^ m^-Aa 



a 

agS+ 



Here, the vector A^, is determined by {Aa,H) = a{H), H E a, and is considered as 
a differential operator on A"*" ■ a. 



Lemma 1. (fSl^ Thru. 5.1) On the open dense subset of a where they are defined, 

(i) 

Emam,3{a,(3)^ = 
ftp 

Q^fc/3, a,/3eS+ 

(a) In the case of a noncompact symmetric space G/K we have: 

2_] maTn 13 {a, l3){coth a coth/S — 1) = 

(Hi) In the case of a compact symmetric space U/K we have: 

\^ mom^(a;, /3)(cot acot /3 + 1) = 

aj^klS, a,/3eS+ 

We now use these expressions to calculate the quantity (j(if)~^A(Lp)j)(if), which 
we will compute for both compact and non-compact symmetric spaces. 

Proposition 5. With the above notation, 

ir'L,j){H) = -\\pf + FiH) 
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where 



F{H)=2 J2 ^^^^^(cota(iJ)cot2a(iJ)Vr 

Proof: Direct computation of the partial derivatives of j yields: 
Dnj{H)=j{H) J2 ^ (cot a{H) - ^)«(^^ 



i=l 



E 



oes 



rriamp 



cot a{H) 



cotP{H)- 



-5^^(cosec^a(i/)--^)|aP 



(«,/3) 



' 1 

E E m^-7jfMHi)DHj{H) = j{H) J2 



*=1 Q:eS+ ' ' a,/3es 

Multiplying out and collecting like terms gives 



rriamp 1 
+ 2 a(i7) 



cot/3(/J)- 



/3(i/) 



(«,/3) 



A(Lp)j(i/)=j(^) 



■Q!,/3es+ 



niamp 



cot «(-?/) + 



cot /?(//) - 



-J2!!^(cosecMH)-^^ 



{a, 13) 



aeS+ 



That is, 
a,(H) = {r'A{L,)j){H) 



o,/3gS+ 



mamp 



cot a{H) + 



cot /3{H) 



$:!|^(cosecM^)--^)|aP 



(a,/3) 



rriamij 



Y^ "^^^^ (cota{H) cot f3{H) + cot /3{H)-I— 



a,l3€T,+ 



— cot Q;(iJ) 



1 1 



aest 



/3(/7) a{H)f3{H) 



{a, 13) 



a\ 
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Decomposing the first sum into diagonal and off-diagonal parts we have 
n,{H)= Yl "^^^^ (cot a{H) cot (3 {H) + cot f3{H)- 






"^°''''^- a(g)^(g) .'<°-^> 



aGS+ 



a\' 



ECU I / \ \ I I "? / \ 

— (^cosec a(i7)-^^^ l|a| (7.5) 

Using Lemma [T] (i) on the first sum, and combining the last two, we have 
^*{H) = Y. ^^(cot a(i7) cotp{H) + cot/3(/7)-^ - cota{H)-^\ («,/3) 
^^maima-2)f 2 iTj\ 1 ^| |2 v^ /"^alalV 

+ L — 4 — r'" "^ ^ " ^(^J '"' " ^ v^J 

Since the last two terms of the first sum cancel over the summation for a 7^ 2/3, and 
II ii2 / \ V^ m^mp sr- ('^^\^\\^ , >:^ rn^rnp 

\\p\\ ={p,p)= 2^ -^—('^^f^)=l^[-^—) + 2^ -^—{oi,/^) 



we have 



n,{H) = -\\pf + 2 J2 '^^^^^(cotaiH)cot2aiH)]\a 

v^ m^(m^-2) / 2 /ZTA 1 A| 

+ E ^ ^cosec a{H) - -^J |a 



as claimed. D. 



This expression provides us with an alternate proof of [3l], Lemma 2: 
Corollary 3. Suppose X is a compact Lie group. We have 

fi,(i7) = -||pf 

Proof: For a compact Lie group, each root (none of which are multipliable) has multi- 
plicity 2. Thus it follows that F{H) = 0. D 

For compact symmetric spaces that do not have multipliable roots, we have the 
following: 
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Corollary 4. Suppose X is a compact symmetric space that does not have m,ultipliahle 
roots, then we have 

lim n^{H) = y ^"(^"-2) |^|2 

Proof: Consider the individual terms of the sum 



By I'Hopital's rule 



E — i — r^^^ "(^) - ^(^j 



aP 



lim I cosec^a(if) — -r ) = lim ( cosec^a(iJ) — a(iJ) cot a(if) cosec^afiJ) 1 



We re- write the R.H.S. in a neighbourhood of Hq as 



1 /^l-aiH). 1 - "(^)V2 + 0(«(i^r) 



{a{H) - a{H)yQ + 0{a{H)^))^ \ ' '' a{H) ~ a{H)y6 + 0{a{H)^) 

1 / l-a{Hf/2 + 0{a{HY 



a{Hy - a{H)y3 + 0{a{Hf) \ 1 - a{HflQ + 0{a{Hf 
1 / a{Hf/?, + 0{a{HY) 



a{Hy{l - a{H)y3 + 0{a{H)^)) \1 - a{H)yQ + 0{a{Hf) 
1 / l + 0{a{Hf) 



3(1 - a{Hf/?> + 0{a{HY)) \l - a{Hy/Q + 0(a(if)3) 



?,\l-0{a{Hf)J 3 

The proposition follows. D 

From the classification of symmetric spaces (see [23], Ch X), the only simple, simply 
connected compact symmetric spaces of rank one are the n-dimensional spheres, S"". For 
S""" there is one root a which has multiplicity n — 1. Normalising a = 1, we have the 
following: 



Corollary 5. Suppose X = S^ . We have 



Q^H) = - -^— + ^ 9 cosec ^H - 



1 
4 J V IP 

Furthermore, 

MmnjH) = T:n(l-n) 

However, we have not been able to calculate the heat kernel with these potentials 
on p = M". Despite this, we have the following theorem guaranteeing the existence of a 
fundamental solution whose wrap is the heat kernel on X: 
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Theorem 9. There exists a fundamental solution of the semigroup expt(Lp + r2*) in the 
fundamental domain of X whose wrap is the heat kernel on X . 

Proof: By Hormander's theorem, 

is hypoelhptic on the set {H : |a(-ff)| < vr — e, Va G S+ and e > 0}, that is, the 
fundamental domain of X. Therefore, ^ — (Lp + fi*) has a fundamental solution in the 
fundamental domain of X. This fundamental solution may be wrapped to X (since it 
only takes values in the fundamental domain of X), which by Theorem [8] is the heat 
kernel on X. D 

7.3 "Radial" wrapping of the Laplacian 

We now consider an alternate approach that may allow us to verify our results by com- 
puting the wrap of the Laplacian for U/K in spherical polar co-ordinates. This has 
the effect of breaking up the potential j'^Lpj into two separate terms on p and on U/K 
where there is some literature on heat kernels with these potentials. However, the known 
results are not sufficient to verify our conjectures. 

We will now prove a general result regarding the wrapping the Laplacian on com- 
pact symmetric spaces. As we stated in the ffist half of the thesis, the Laplacian is of 
fundamental importance as it is the infinitesimal generator of the heat semigroup and 
Brownian motion. Since we are only considering the wrap of i^-invariant functions on 
p to fi'-invariant functions on U/K, it will suffice to consider the radial parts of these 
functions on p and U/K. 

Using the facts that the wrap is linear and the Laplacian may be decomposed into 
radial and angular parts, A(Lp) and L^, respectively, we have 

(<l>(V),/) = ((A(Lp) + Lp>,j7) 

= {A{L,)u,jf) + {L^u,jf) 

so that the wrap of radial and angular parts may be considered separately. 

Firstly, conformality of the exponential map ensures that transversal manifolds are 
the same on the symmetric spaces and their tangent spaces under Exp. Conformality 
of Exp also ensures that the Laplacians on transversal manifolds under the exponential 
map are equivalent (see [25], Ch. 2, Thm. 3.15). 

In general, the radial part of the Laplacian may be given by the following: 

Theorem 10. (c.f. 125^ . Ch. 2, Thm. 3.7) Let V he a Riemannian manifold, H a closed 
unimodular subgroup of the isometry group liV). Assume that a submanifold W G V 
satisfies the following transversality condition: For each w G W , 

{H-w)nW = {w}, V^ = {H- w)^ © W^ 
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(orthogonal direct sum). Then the radial part of Ly is given by 

A{Ly) = 6-'/'Lw o 6'/' - 6-'/'Lw{6'/') 

where o denotes the composition of operators and 6 the density function. 

Example: For the case oi V = R" under the operation oi H = 0{n) (c.f. [25], Ch. 
2, pp 266), the submanifold W = R+ — {0} satisfies the transversahty condition, and 
6 = c|x|"~^. On R^ this simphfies to 



A(Li,2)=r-^/^— or^/^ + ir-^ (7.6) 

We will keep our notation consistent with ^25j, page 273, by letting 

6oiH) = H a{Hr- 

be the density function for K acting on p = M", and 

5(Expif) = W {sin a{H)r'^ 

be the density function for K acting on U/K, with the Jacobian of Exp being J = S/Sq. 
For a general compact symmetric space, we now have the following theorem showing how 
the radial parts of the Laplacian on p wrap to the radial parts of U/K: 

Theorem 11. With the above notation, the radial part of Lp, given by 

A(Lp) = S^'/'L, o S'J' - S^'^'USl^'), (7.7) 

wraps to the radial part of Ljjjk, given by 

^{Lu/k) = 6-"'La o 5'/' - 5~'/'La{5"'). (7.8) 

That is, 

$(A(Lp)) = (AiLu/K))^ 

Proof: By using the fact that the Laplacian is a symmetric operator. Theorem [TOl and 
|25] Ch. II, 53, we have. 



($(A(Lp)M), /) = ((A(Lp))n, j7> (by definition of the wrap) 

= (m, (A(Lp))(j/)) (Since A(Lp) is a symmetric operator) 

By Theorem [TO] this is 

{HA{L,)u), f) = {u,jr\S,'/'L^ o 5;/^ - 6,'/'U6'J')){jf)) 
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From the proof of [25] Ch. II, Thm. 3.15, this equal to 

(<|.(A(Lp)n), /> = {u,j {6-'/' La o 5^^ - r^/^L^(5^/^))/> 
= (w,j(A(L^)/)) 
= ($«, {A{Lu/K)f) 
= {{A{Lu,k))^uJ) 

as required. D 

We will now show explicitly the details of the above calculation for the 2-sphere. 
Consider the decomposition of the Laplacian into its radial and angular parts on both 
the sphere and the plane. Using spherical polar co-ordinates we have: 

X = cosipsuiO, y = sin?/' sin 6', z = cos9 

for ^ G [0,27r) and G [0,7r). 

The Laplacian on S"^ is given by 

Now, the Laplacian on M^, given in polar co-ordinates is 

92 Id 1 92 



/^iiy ■" iv' /~i'y 'Y' 



2 



(7.10) 



and note the polar decomposition into radial and angular parts, where the angular part 
is given by the last term, and may be considered as the Laplacian on the circle of radius 
r, ie, 

1 92 

Now consider the wrapping map: Let w be a ilT-invariant distribution of compact 
support or Schwartz function on M^. The wrapping map, $ is given by 

mv)J) = {v,jf) (7.12) 

/ . \ 1/2 
The j-function in this case is j{X) = f ^^^) . Essentially, we are using the expo- 
nential map which will map the variables to one another, ie, 

>1p 



which we may consider independently since the angular and radial parts commute. The 
wrap contains information about the curvature. The map (f) -^ ip has no curvature (ie, 
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j(X) = 1), but r — >9 does. 

We will now give the calculations for Theorem [TT] in the case of the 2-sphere. The 
radial part of the Laplacian on M^ is 

A(Li,.) = |^ + -|^ (7.13) 

which for may be expressed as 

A{L^.)=r-^''^^or^l^ + \r-' (7.14) 

The rays of the radial part are being wrapped to the meridians of longitude on the 
sphere, weighted by the j-function. The density function is given by 

5{e = Expr)^/2 = Yl sma{e = Expr) = f{r) JJ a{r) (7.15) 

For the 2-sphere there is only one root with multiplicity 1, and so 5(9 = Expr)^/^ = 
sin(6'). Now, 

,2 



--^/m|^(-^/v))+kv 



\^4 Q^ dr'^ J ^ 



^-1/2/ 1^-3/2 



r 1 

dr dr'^ 



so that 



as required. 



^ 1^ ^ 

r dr (9r2 



For the two-sphere we have b{Q = expr)^/^ = sin(6'), since r becomes sin^ under the 
wrapping map on L52. The angular part of the Laplacians on the tranversal manifolds 
remains essentially the same, changing only from L^ = ^ to Liy = ^. By Theorem 
[TUJ the radial part of L52 is 

A{Ls2) = {siney^^^Lw o (sin^)^/^ - {sme)-^/^Lw{{smey/^). 

Firstly, let 



(9^2' 



S = ^(sin^)i/2 ^ _i cos2^(sin^)-=^/2 _ i(sin^)i/2 
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$(A(Lm2)/) = (smO)-'/'^ o {sinOy/'f - {smOr'/'Sf 



09 
sm 



'I' [Sf + 2.1 cos ^(sin ey'/'^f + (sin 0)'/'^/^ - (sin Oy'/'Sf 



^cos.(sin.)-|/ + ^/ 

so that 

'^(A(^MO/) = ^ + cote^ 
as required. 

The potential terms on p and U/K, 5q -^a('^o ) ^^'^ 6^^^'^La{5^^'^), respectively are 
somewhat manageable. 

For the case of the two-sphere, the potential for the radial Laplacian on 5^ is 

6-'/^LAi6'^') = (sin/f)-i/2A(sin/7)i/2 ^ ^ 



dH' ' 4 4sin2(^) 

and the potential for the radial Laplacian on M^ is 

d L,[d )-H ^^H - ^^^ 

Thus, it remains to find the solution to the radial heat equation in potential form, 
that is, the solution to 

du 

'dt 

on S"^, and 



1 ^' 11 2n 

-— — ■ \ — cosec U 

2dd^ 8 8 



{u) (7.16) 



on 



du 
'dt 

p2 



Id' 11 



(u) (7.17) 



The solution to the problem of this heat equation with the potential in 07.16P above 
has been investigated by Peak and Inomata (|[38|); see also Anderson and Anderson ([2]). 
The problem of Brownian motion on the 2-sphere is also known as the "rigid rotor" prob- 
lem. The approach of [38] is to apply a constraint to a Brownian motion in R^, leading 
to the solution to a certain path integral. This has been generalised by Anderson ([Ij) 
to the general n-sphere by intertwining the Laplacian on the 2-sphere with a certain 
fractional differential operator. The heat kernel on S"' is then found by applying this 
operator to the heat kernel on the 2-sphere. However, generalising this approach to rank 
2 spaces and beyond seems quite difficult ([3]). 

To find the heat kernel via wrapping, we would need to find the heat kernel with 
potential l/H'^ on p and wrap it to U/K. Existence results exist for the heat kernel with 
this potential (see [7]), but we have been unable to find an explicit form for it. 
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8 The Non-compact Case 

In this section we consider the wrapping map, Brownian motion and heat kernels on 
certain non-compact symmetric spaces, namely complex Lie groups Gc, the symmetric 
spaces Gel K, and the symmetric spaces of split rank. 

We extend the wrapping map to complex Lie groups, and then use this to wrap Brow- 
nian motion and the heat kernel on these spaces. Our results also hold for the symmetric 
spaces Gel K, although for this case we have not been able to prove a global wrapping 
formula. Finally, we conclude by considering the symmetric spaces of split rank, and 
deduce a similar result to that of above, in that "bending" the heat kernel from the 
tangent space does not yield the heat kernel on G/K since the convolution structure is 
not preserved. 

Firstly, we state the quantity j^^L^j for the non-compact case. This calculation is 
essentially the same as that for the quantity (j olog)LG'//^(j olog)~^ given in J22], section 
2. 

Proposition 6. With the above notation, 

ir'L,j)iH) = \\pr + FiH) 
where 






«P 



2j2^^LchMH)- 



aiHf 



\a? 



When X is a complex Lie group, or a symmetric space G/K, G complex, each root 
has a multiplicity of two, none of which are multipliable. It is easily seen that F{H) = 0, 
and we consequently have: 

Corollary 6. Suppose X is a complex Lie group, or a symmetric space G/K, G complex, 
then 

ir'L,j){H) = iipf 

8.1 Complex Lie Groups 

We briefly consolidate some notations and definitions of complex Lie groups. Let Gc 
be a complex, connected, semisimple Lie group with Lie algebra 0c- Let 0c = ^ + P 
be a Cartan decomposition of gc, and K the compact group corresponding to t. We 
denote by Q* as gc realised as a real Lie algebra, with the Cartan decomposition given 
by 0c = ^ + ii, and t may be identified as the compact real form. 
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We let a C p be a maximal abelian subalgebra of p, and S^ = H^idCj^^) the root 
system of gc with respect to a. The real dimension of each root space is two, that is 
rUa = 2 for all a G S^. Elements of Gc may be written as kiak2, where ki, k2 & K and 
a G exp(a+). Since the roots are purely real on a, A+ = exp(d"^) is of the form (M+)^ 
Furthermore, from |29] Ch. II, Thm. 2.15, any two Cartan subalgebras are conjugate 
under the adjoint action of Gc- 

A real-valued square root of the Jacobian of the exponential map is given by 



vtx^ TT fsmha{H)/2\ ^ , 



Since each root of a complex Lie group has multiplicity 2 we have (see [26], pp 487) 
j^^Lj = IIpIP = '^'™'^ . (Compare this to the case of a compact Lie group, where we have 
—j^^Lj = IIpIP = ^^^^. The elementary spherical functions on a complex Lie groups 
are given by (see [25], Ch. IV, Thm. 5.7): 

^xW = c(A) ^ ^ T. — :-, aeA 

where the function c is given by 

c(A)= l[{a,p)/ l[{a,X) 

We also note another formula of Harish- Chandra (see [25], Ch. II, Thm. 5.35): Let 
U = G/K and let du be normalised Haar measure on U, and let it be the product of 
positive roots. Then, if if, if' G tc. 



U] 



TT{H)7r{H') I e<"^'^'>t/M = ^9(7r)(7r) J] sgnwe^"^'^'^ 
Setting H' = Hp, we obtain ([25], Ch. II, Cor. 5.36) 

The heat kernel of a complex group is given by the following: 

Proposition 7. (fT^) Suppose Gc is a complex Lie group. The heat kernel on Gc, 
qt{a), given on A is 

qt(a) = (27rt)-"/2exp(-t||p||V2)^^ -exp(-| loga|V2t), aeA (8.2) 

J (log a) 

We now prove the wrapping theorem for complex groups. The wrapping map $ is 
given by 

($(z/),/) = (^,j7) 
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and is well defined if v is an integrable i^-bi-invariant function. 

We face a difficulty with the orbital convolution theory, since the co-adjoint orbits 
are non-compact, and are not in one-to-one correspondence with the adjoint orbits, as 
in the compact case. However, the wrapping formula for complex groups does hold for 
spherical measures, since the Fourier theory is essentially reduced to the abelian case. 

Theorem 12. Suppose /x, z/ are two K -hi-invariant Schwartz functions on Qc, then 

Proof: The spherical Fourier transform of $(m) at a representation tt, indexed by 
highest weight A, is given by 

{^{u),ipx) = {u,Jipx) 

^^^^,)E.e.sgn.e-(-) 



n.>o«(^) 



JLjA(-) 



By Harish-Chandra's formula, this is 



= (u, e* ^'') (Since u is fC-bi-invariant) 

= ui\). 

Using abelian Fourier analysis, we obtain 

(<l>(^ * z/))^ = (^ * z/)^ 
= /i^ ■ z/^ 
= $^(^) ■ $^(z/) 
= ($(/!)* <l>(z/))^. D 

Remark: For Lie groups, Rouviere's conjecture that e = 1 for Lie groups is equivalent 
to the Kashiwara-Vergne conjecture ([2Z])- This was recently proven in [1]. For the 
symmetric spaces Gc/K, e = 1 was proven in a neighbourhood of G s by Torossian in 
12]. 



8.2 The wrap of Brownian motion and heat kernels on complex 
Lie groups 

We prove the following general result for computing the wrap of a i^-bi-invariant Schwartz 
function: 
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Proposition 8. Let G/K be a semisimple Riemannian symmetric space of the non- 
compact type, with tangent space p. Let (f G S{p) be K-bi-invariant. Then ^{jf) is a 
C°° K-bi-invariant function, given on A, by 

^jv){expH) = ^{H), He a. 

Proof: Firstly, we let 

f^'ig) =11 fihgk2)dhdk2 
J Jkxk 

Since Exp : p — )■ G/K is a global diffeomorphism, it follows that for any / G 

G^{G/K) that 

($(jV),/) = {mjf) = [f{XMX)f{X)dX (8.3) 



p 



•4) 



-i- /" n {smha{H)/2MH)f''{H)dH 

I I •/ a I 

-^ /" n (sinha(loga)/2)<^(log a) /^(a)da (8.5) 

I I «/ A _|_ 

[ <f {log g)f{g)dg (8.6) 

Jg/k 



'G/K 

The result follows from 13.1] D 

Using Proposition [8] for complex Lie groups, we immediately recover the results of 
Proposition [71 

Corollary 7. Let pt{H) = (27rt)^"/^e~l^l /^* be the heat kernel on q (given on a). Then 

^Pt){expH) = {27rty^/^^exp{-\H\y2t), Hea 

which is the shifted heat kernel, Qtig)- 

Remark: At this point we identify two critical steps in the proof of Proposition [HI 
namely (g^ to ([H3]), and ([H3D to (^. In [U], the step ([H3D to ([H3]) is achieved for a 
compact Lie group through a function \E', which is a sum over the integer lattice of the 
function ip. Thus (18.41) may be given on a fundamental domain, and hence (18.51) obtained. 
The step in going from (18. 5p to (18. 6 p relies on the fact that all Cartan subalgebras in g 
are conjugate to each other under the adjoint group. 

We now consider the wrap of the Laplacian: 

Proposition 9. Let G be a complex connected Lie group with Lie algebra g. Then for 
any u G S'(g) 

<l>(Lg(n))=(LG+||p|r)(H 

where $ is the wrapping map, Lg is the Laplacian on q (regarded as a Euclidean vector 
space), and p the half sum of positive roots. 
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We now wrap Brownian motion as previously, by defining shifted Brownian motion 
^t on G, and lifting / in the Ito equation by / ^-)■ j./ o exp = h. That is, 

Definition 2. Let Q be a Brownian motion on g = M". The wrap of Q is to a process C,t 
on G is given by the mapping f ^-^ j-f o exp = h, where C,t is shifted Brownian motion. 
We write this as 

HCt) = 6 

From this we have the analogue of our result from [35] , regarding the wrap of Brow- 
nian motion: 

Theorem 13. Suppose C,t is the wrap of the Brownian motion on q, Q- Then the law of 
^t fnay be found by wrapping the law of Brownian motion on its Lie algebra. That is, 

Ex(j./oexp(G))=Eexpx(/(6)) 

which in law is given by 

^Pt)iexpH) = q?ig) 

where pt{x) is the heat kernel on g = M", and qlig) is the heat kernel corresponding to 
the shifted Laplacian on G 

As in pSJ, we apply the Feynman-Kac formula to obtain: 

Proposition 10. The expection of {C,t)t>o under P, denoted by E, is 

E{^t) = (27rt)-"/2e-ll^ll'*/2^^ exp(-|i7| V2t), t G R+, i/ G a. 

which is the standard heat kernel on G. 

Proof: Taking expectations under P yields 

= qtig) = (27rt)-"/2e-"^ll'*/2_l^exp(-|/J|V2t), t G M+, i/ G a. 
as required. D 

8.3 Wrapping for certain non-compact symmetric spaces 

There are many examples of non-compact symmetric spaces. In this section we conjec- 
ture that our results on wrapping Brownian motion and heat kernel may be extended 
to other symmetric spaces - more specifically, our results on wrapping Brownian motion 
and heat kernels should hold for every symmetric space for which the wrapping theorem 
holds. The wrapping theorem is conjectured to hold for all Lie groups in [15j . 

Firstly, we will consider the symmetric spaces G/K, G complex. The wrapping the- 
orem was proved to hold locally for these spaces in |12]. We have not been able to prove 
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a global wrapping theorem, but analogous results of section 7.5 hold. 

Recall from Corollary E] that {j~^Lpj) = ||p|p. We apply Proposition [H] to find the 
shifted heat kernel, and wrap Brownian motion and the heat kernel as we did in the 
complex case, yielding the following analogue of Corollary [71 

Proposition 11. The expectation of {C,t)t>o under F, denoted byK, is 

E(^,) = (27rt)-"/2e-ll''ll'*/2^^ exp(-|/7| V2t), t G M+, i/ G a. 

which is the standard heat kernel on G. 

Remark: Proposition [TT] holds with ||p||^ = j^, which agrees with the expression for 
the heat kernel on the symmetric spaces G/K, G complex, given by Arede in ^, §2.2. 

We now consider the symmetric spaces of split-rank type: 

Definition 3. A symmetric space G/K is said to be of split-rank if rank G = rank 
G/K + rank K. 

Proposition 12. ([241, Ch. IX, Thm. 6.1) The following are equivalent: 

(i) G/K has split rank, 

(a) Each restricted root has even multiplicity, 

(Hi) All Cartan subalgebras of g are conjugate under the adjoint action. 

It follows from (ii) and (iii) that the roots of G/K with respect to ac are real on a. 
Thus, the maximal abelian subgroup corresponding to the Cartan subalgebra is of the 
form (e"^^^-*, . . . , e"'*-'^-*), where the ttj's are all real, so the subgroup is of the form (M"'")"'. 

By [21], Ch. IX, §4, it is known that the non-compact, simple, simply connected 
symmetric spaces X = G/K of split-rank consist of the following: 

(i) M2n^^+ ^ 50o(2n + l,l)/SO(2n + l), the odd dimensional hyperbolic spaces, 
(ii) Gc/K, where if is a maximal compact subgroup of Gc, 
(iii) SU*{2n)/Sp{n), 

(iv) ^6{-26)/^4. 

We apply proposition [S] for these spaces, and the heat kernel pt may be wrapped from 
p to give 

$(pt)(Expii) = (27rt)~"/Vll^ll'*/2^.^gxp(-|iJ|V2t), teR+,Hea. (8.7) 

J{H) 

However, the e-function is not identically 1 for all the spaces of split-rank type. We 
now make a similar observation to to that for compact symmetric spaces: (18. 7p is not 
the heat kernel for the spaces of split-rank type when the e-function is not identically 1. 
is the Gaussian approximation to the heat kernel, and formally state: 
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Theorem 14. The Gaussian approximation (8.1) is not exactly equal to the heat kernel 
(modulo the phase factor of e"^'! ^) for the non-compact symmetric spaces of split-rank 
type that have a non-trivial e-functions. 

For non-compact symmetric spaces that do not have muhiphable roots, we have the 
foUowing: 

Proposition 13. Suppose X is a non-compact symmetric space that does not have mul- 
tipliable roots, then Q^^ is a bounded C°° function on p. Furthermore, 



lim Q,{H) = - y 



ma{ma — 2) 2 
-\a\ 



aiH)^0 ^^ 12 

Proof: It is clear that Q^, is a bounded C°° function on p, except on the hyperplane in 
p where a{H) = 0, which we will denote Hq. To show that Q^ is bounded on Hq, we 
consider the individual terms of the sum 

L 4 ['''"^ "(^) - Wf) """ 

The proof is now analogous to Corollary HJ replacing cosec by csch, and noting the 
change in sign. D 

From the classification of symmetric spaces (see [23], Ch X), the only simple, simply 
connected non-compact symmetric spaces of rank one with no multipliable roots are 
the n-dimensional hyperbolic spaces, H^ = SOo{n,l)/SO{n), n > 2. Since if", is a 
symmetric space of rank 1, dim a = 1 and so a = M. Therefore there is only one root 
a G a* which has multiplicity n — 1. We normalise a such that a = 1, thus p = {n — l)/2, 
giving us the non-compact analogue of proposition [5j 

Corollary 8. Suppose X = iJ". We have 



Furthermore, 



limQ,{H) = i(2n" + 5n + 3) 



H^O ^ ' 3 



The e-function for iJ" = SOo{n, 1)/S0{n), n > 2, has been calculated by M. 
Flensted- Jensen (|1Q], pp. 258) to be 



e(X,y)= 4 



u V w chw — ch. {u — v) chw — ch (u -\- v^^ 
sh-ushfshw w'^ — {u — vy w'^ — {u -\- vY 

where u, v and w are the norms of X, Y and X -\- Y, respectively. Note that this ex- 
pression is symmetric in X and Y, and is only equal to 1 when n = 3. (18. 8p is also the 
non-compact analogue for the expression for the (globally defined) e-function given for 
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n-dimensional sphere in [12] and [13]. We have not been able to find a proof of Flensted- 
Jensen's calculation, though it should be analogous to that in [T^ by replacing sin with 
sinh. 

In light of our results in for compact symmetric spaces, we conjecture that wrapping 
the solution to the heat equation with this potential yields the heat kernel on the hy- 
perbolic spaces. However, we have not been able to calculate the heat kernel with these 
potentials on p = M". Despite this, we are guaranteed the existence of a fundamental 
solution whose wrap is the heat kernel on X by Hormander's theorem, since 

^ - (Lp + Q^) 

is hypoelliptic on p. Therefore, ^ — (Lp + ^2^,) has a fundamental solution p. This 
fundamental solution may be wrapped to X, which by Theorem [8] is the heat kernel on 
X. D 

8.4 Other non-compact semisimple Lie groups 

Extending the wrapping theorem and our results on wrapping Brownian motion and heat 
kernels to other spaces may prove quite difficult. Here, we cite the example of SL{2,'R). 
The (co)adjoint orbits for SL(2, M) consist of one- and two-sheeted hyperboloids - the 
reader is referred to [23] for a detailed survey of SL{2,M.) and the orbit method. Con- 
volving these (co)adjoint orbits is therefore more difficult to describe. 

Wrapping Brownian motion should follow in a similar way to the procedure above. 
We would then need to calculate the wrap of the heat kernel from q to G. Note for 
SL{2,'R) the Iwasawa decomposition G = KAN is given by 

ir — f cos^ sin^\ A _ ( ^ ^ \ AT — ( ^ ^ 

^ = \ -smO cos^j ' ^ " ^ a-V ' ^^"^01 

(see, for example, [23], or [21] Ch. VI, §6). All the elements may be conjugated into the 
two distinct abelian subgroups K and A, isomorphic to T and M+, respectively. This 
creates a problem when one asks how to "wrap" a function or distribution. 

In [15] , the wrap of j times an Ad-invariant Schwartz function to a compact Lie group 
is calculated by summing over an integer lattice: 

<l>(j/i)(expi7) = 5^^(/7 + 7), i/GA (8.9) 

7er 

We showed in section 8.3 that the wrap of j times an Ad-invariant Schwartz function 
to a complex Lie group may be calculated by "bending" it: 

^{jl2){expH)= 12(H), HeA+. (8.10) 
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These follow from the fact that in the case of a compact Lie group, A = T', and for a 
complex Lie group, A~^ = (R"*")'. Since all the elements of SL{2, M) may be conjugated 
into the two distinct abelian subgroups, isomorphic to T and M"*", do we sum over a 
lattice, or do we "bend" to compute the wrap? Arguably, we would need to do some 
combination of both. 
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